Cramer’s Rule

Cramer's rule is a method of solving n simultaneous equations for n unknowns.
e Any system of equations of this kind can be written in the form

a1, + ajgxe + ... + Qip LTy = b1
(91 T1 + A2 To + ... + Aoy Ty = bo

Ap1 L1+ Apo Ty, + ... + G, T, = by

e The coefficients on the left side of Eq.'s 1 can be written as a matrix,

ajlr a9 Q1n
21 Q929 Qon

A=| 7 (2)
Ap1  Ap2 Apn

e The value of any of the z; can be found via

B;
= '| A|' 3)

where the notation |A| and |B;| denote the determinants of matrices A and B;, and the
matrix B; is obtained by replacing the " column of matrix A with the coefficients on the
left side of Eq.'s 1 For example,

a1 b1 Q1n
a921 b2 .. QA9pn

By = . (4)
an1 bn Qnn

The n = 2 Case

e Two equations involving two unknowns can be written in the form

a1 x1 + a2 T2 = by
ag1 T1 + Qg2 To = by

which yields

A — a11 a2 (6)
Q21 Q22



e Eq. 3 gives

by ai
by ag by aze — a2 by
'Tl g g
a11 Q12 11 A22 — G12 A21
a21 A2
and
an by
as bo a1 by — by ag
a’/’2 = =
a11 Q12 11 Q22 — Q12 A21
Q21 QA22

An n = 2 Example

e The system of equations

5l’1+3$2:2
has solutions
1 —1
2 3 _
T T
5 3
and
2 1
52| 1
R IR R T |
5 3

e The results can be verified by substituting them into either of Eq.'s 9,

10 1 11
_ _— = — = 1
11 + 11 11 v

(11)

(12)



An n = 3 Example
e The system of equations
2ZL’1— ZE2+4I’3:2

dx1+ 3z +2x3=1
ZL’1+6£B2+ 1'3:—3

has solutions

2 -1 4

1 3 2

-3 6 1
Ty =

2 -1 4

5 3 2

1 6 1

2(3-1—2-6) —(=1)(1-1—2-=3)+4(1-6—3--3) 49

I = =

23-1—-2-6)— (-1)(5-1—2-1)+4(-6—-3-1) 93

To =

— Ot N — Ot N
|
[

— N OB~ N

201-1-2--3)—2(>5-1-2-1)+4(--3—1-1) 56

93 93
and
2 -1 2
5 3 1
1 6 -3
T3 =
2 -1 4
5 3 2
1 6 1

2(3-—=3-1-6)— (=1)(5-—-3—-1-1)+2(>5-6—3-1) 8

93 93

e The results can be verified by substituting them into any of Eq.'s 13,

249 (~56)+4-8 186
Co6)+4-8 _186_,

93 93

(13)

(17)

(19)
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